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Year 12 Mathematics Extension 2
Task 2, April-2025 ‘

General Instructions e Working Time - 90 minutes + 5 minutes reading time

L]

Write using black pen only

@

Calculators approved by NESA may be used

e For questions in Section II, Show relevant mathematics

reasoning and/ or calculations

Total Marks: 68 Section I - 5 marks (page 1 & 2)
e Attempt questions 1-5
e Allow about 10 minutes for this section
Section II - 63 marks (pages 3-8)
e Attempt questions 6-11

e Allow about 80 minutes for this section




Question 1 (1 mark)

Which of the following is a symbolic representation of the statement:
” At least one of your friends is perfect”

Let P(z) be ”x is perfect” and let ”F(x)” be "z is your friend” and let the domain be all
people.
A Va(F(z) = P(x))

B. ¥ z(F(z)N P(z))
C. 3z(F(z) N P(x))

D. 3z(F(z) = P(z))

Question 2 (1 mark)

Consider the statement:

"For any function f(z), f(z) has a stationary point of inflezion at z = ¢ = () =07"
A. The contapositive statement is false and the converse is false.
B. The contapositive statement is false and the converse is true.
(. The contapositive statement is true and the converse is false.
D. The contapositive statement is true and the converse is true.

Question 3 (1 mark)
o
The angles made between v = OV where v is the point (5, —3,3) with the positive

direction of z, y and z axea respectively are:
A. 40°19, 117°14' and 62°46
B. 40°19, 62°14’ and 62°46’
C. 1807, 53°8 and 53°8'
D. 0°, 126°52' and 53°8'




Question 4 (1 mark)

What is the possible equation for the graph below?

N

?p

v = (2sint, t,2cost)

u = (t,2sint,2cost)

Q w

u = (2cost,t,2sint)
D. w=(¢,2cost,2sint)

Question 5 (1 mark)

The points R, 5 and T are collinear.

—
£ =1

Given that OR =i+ Js 5;% =2%—j+kand 0T = 3i+my + nj, the values of m and n

are:
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m=—3 n=72
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Mathematics Extension 2
Section II

63 Marks
Attempt Questions 6-11

Allow about 80 minutes for this section

Question 6 (9 marks)

(a) Consider the statement:
Ve eR,(z>1) = (z<2?)
Write the negation.

(b) Use proof by contradiction to prove that if a, b are integers, then a® —4b -3 £0.

You may wish to consider the case when a is even and the case when a is odd.
(c) Prove that log, n is irrational when n is an odd integer greater than or equal to 3.

(d) Provide a non-inductive proof as to why 12" > 5™ 4 7" for all integers n > 2.

Question 7 (8 marks)

(a) Use the method of proof by contradiction to prove that the cube root of any prime
numbers p, where p > 2, is irrational.
(b) If a, b, c are real and unequal and that a® + b* > 2ab decuce that
i. a?+b%+ > ab+ be + ac.
ii. If a+ b+ ¢ =6 show that ab+ bc+ ac < 12.

(c) Prove that the sum of the squares of three consecutive integers that are even and

positive, always gives a remainder 8 when divided by 12.
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a) Prove the following logical equivalence for n a natural number:

—

n -+ 6 is a positive odd integer if and only if n 4 21 is a positive even integer.

“xplain your reasoning carefully.

(b) For all non-negative numbers x, and y, -
A Rectangle has dimensions ¢ and b

Given that the rectangle has perimeter P, and area A, prove that P2 > 164

(¢) The prime numbers are 2, 3, 5, 7, 11, 13, 17...
The square numbers are 1, 4, 9, 16, ...
With one exception,

"if a square number differs from a prime by 1, the prime is bigger.”

For example, 16 is a square and 17 is a prime. The prime is bigger. The only
exception is prime 3 and square 4.

It is conjectured that for all consecutive numbers that are a prime and a square,
xcept for 3 and 4, the prime is bigger.

Prove the conjecture is true.

Question 9 (13 marks)

(a) Given the vectors y and v satisfy u+v = 170 — j + 2k and y — v = 1 + 95 ~ 4k, find

the acute angle between the vectors y and v.

(b) D is a midpoint of the side BC of a triangle ABC. Using vectors, show that:

[AB|" + [4C[" = 2(/AD| +|BD[)

and

D 2
where A and p are scalar parameters and p and ¢ are constants.
i. If Ly and Lo intersect at right angles, show that g = —3

i, Find the value of p.
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Question 10 (13 marks)
(a) The point P(3,2,1) lies on the sphere Sy with centre C(2,3,4). The point € is
located such that P@) is a diameter.
i. Find Q(a,b,c)

ii. Show that the line with vector equation

s

O

[ SN N

3
r=121]+A
1

is a tangent to the sphere S;
iii. Find the vector equation of the line [ through @ which is perpendicular to both 3]
PQ and the direction of .
(b) Consider the parallelogram ABCD shown. The point F lies on BC such that
E—Pz = E_E_B—C%’ and the point E lies on DCsuch that 57:}’ = %‘Dﬁ . The point X is the
intersection of 5}% and Zﬁ . Let D—)Ez = /\51? and ;X—A? = u@ where A and p are
parameters. Let ;’«13 = p and ;13 =q.

Diagram not to scale.

Copy the diagram.
. -—Xk 3
i. Prove that AX =p| g+ -p 2]
ii. Hence, or otherwise, prove that AE bisects DF 3]
(c) The curve C is defined in parametric form by:
z=celcos t and y = e'sin ¢, for t € R.
i. Determine the nature of the curve as ¢t — 00 1]

ii. sketch the curve. 1]




Question 11 (12 marks)
(a) The diagram shows a small cone on the top of a larger cone. The two cones have
a common axis of symmetry passing by the centres R and S of their circular bases
and their common apex P.
The top cone has a radius r and height h and the bottom cone has radius 2r and

height 2h.

Show that ﬁ+ﬁ+?ﬁ+?§+ﬁ+ﬁ+§@+ﬁ:2?§




(b) Two square pyramids OABCD and OEFGH are inscribed inside a sphere with
centre 0(0,0,0) and radius 1 unit.

The points A, B, C, D, E, F, G and H all lie on the surface of the sphere and
ABCDEFGH forms a cube.
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i. Show that the longest diagonal in a cube with side length a units is aV/3 units

: 1]
2
ii. Hence, derive that a = 7 for the cube ABCDEFGH. (1]
(o]
iii. Hence, find the sum of the volume of the two square pyramids OABCD and 1]
OEFGH.
iv. Show that 571 . 58 = ———:,1);




(c) Two spheres S; and S intersect in the circle C.
The sphere 57 is centered at A(a,b,c) with radius r and the sphere S is centered
at Bla +m,b+n,c+ p) with radius R, where a, b, ¢, n, p, v and R are real, with
r, 72> 0.

The distance between the centres of the spheres is d.

i. Prove that the circle C' lies on the sphere 53, which has AB as a diameter, only [4]
if m*+n?+p?=r?+ R%.

ii. Hence, or otherwise, show that the intersection of the spheres 22 +9? +2? = 25 [1]
and (z — 3)%2 + (y — 4)% + (2 — 12)? = 144 is a circle lying on a third sphere,

which has the interval joining the centres of the first two spheres as a diameter.

End of Task 2
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